Global infrared rearrangements and the
renormalisation of QCD

Giulio Falcioni
Hamburg-Nikhef collaboration

K. Chetyrkin, F. Herzog and J. Vermaseren

Based on
JHEP10 (2017) 179, arxiv:1709.08541; To appear
20 Nov 2017 — IIT Hyderabad

G. Falcioni 20 Nov 2017 - IITH

Global infrared rearrangements and the renormalisation of QCD



Outline

Introduction

Global IR rearrangements

Renormalisation of gauge theories

Conclusion and outlook

G. Falcioni 20 Nov 2017 - IITH

Global infrared rearrangements and the renormali:



Introduction

Motivation

Problem: find the UV counterterm Z(+y) of a Feynman diagram -~y
Applications:

m Compute the singualar part of higher-loop diagrams

K(M)==>_Z(y) =T /v (1.1)
~er
Y#0
K. extracts the pole part, I'/~ is the reduced graph.

m Renormalisation group functions (e.g. anomalous dimensions)
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Introduction

Origin of IR rearrangements

In MS scheme Z(7) is a polynomial in the masses (Collins, 1977).
m If v is logarithmically divergent Z(+y) is mass-independent.

7 can always be made log-divergent by taking derivatives.

m Infrared rearrangements (IRRs), acting on masses and external
momenta, simplify the calculation of Z(7y) (Vladimirov, 1980).

G- - O]

Double lines are massive propagators, dotted lines are squared propagators.
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Introduction

One-mass tadpoles (1)

IRRs reduce the complexity of the calculation of 1 loop.

m Global IRR applies the same rearrangement to all diagrams.
Ex: three-loop propagator

KD

Factorisation into one-loop tadpole and two-loop propagator

:Oﬁk
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Introduction

One-mass tadpoles (II)

More in detail

Dimensional analysis: T1(q?) = (¢?)~272¢¢. In conclusion

= /ddq [q2 N MQ}Z(q2)2+2€

m IR divergences are generated at g — 0!
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Introduction

Dealing with IR singularities

IRRs can generate IR poles: we need a strategy to deal with them.

D — e It

m Auxiliary mass regulating the IR (Chetyrkin, Misiak, Munz; van
Ritbergen, Larin, Vermaseren '97)

m IR counterterms: apply the R* operation (Chetyrkin, Smirnov,
Tkachov '82, '84-'85)

R*(F) = Ro R(T) (1.2)
R recursively subtracts IR divergences from each diagram.
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Introduction

Global approach

The R* operation is very flexible, because it allows general
rearrangements of each Feynman diagram separately.
m IR counterterms must be computed on a diagram-by-diagram
basis
m high-order calculation can involve O(10°) Feynman diagrams,
with many IR counterterms per diagram — Bottleneck

m Global R* (Chetyrkin 1991) avoids this problem my using a
single IR counterterm for the whole process.
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Global IR rearrangements

An example

Renormalisation of the ghost-gluon vertex

/ y:
+<Q€€Q +--@é+---

The UV vertex divergence is renormalised by Z;
g — &o renormalises all the remaining subdivergences.

6T (g,p) = -

Zy + 0T (go, p) + 021 % 6T (go, p) = finite (2.3)
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Global IR rearrangements

An example

Renormalisation of the ghost-gluon vertex

The UV vertex divergence is renormalised by Z;
g — go renormalises all the remaining subdivergences.

62y = —K.| 21+ 0T (go, p)| (2.3)
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Global IR rearrangements

An example

Renormalisation of the ghost-gluon vertex

/ y:
+<Q% +--@é+m

The UV vertex divergence is renormalised by Z;
g — go renormalises all the remaining subdivergences.

5r(g7p) = -

07 = —K. [zl «R[oT(p = o)]] (2.3)

Global R*
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Global IR rearrangements

Global infrared rearrangement

We rearrange all the Feynman diagrams into factorised tadpoles.

1 Introduction of the mass

6rM(gap7 M) = -

m Vertex divergence (mass independent) renormalises with Z;

m The massive vertex subdivergence changes

Z1 +(5FM(g0,p, M)—i—(SZl *5F(go,p) = finite (24)
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Global IR rearrangements

Tadpole Limit

The Feynman integrals approach tadpoles in the limit M? > p.

2 Hard mass expansion (Smirnov 1996) expands all the
subdiagrams involving heavy lines around p — 0

In formula

0T m(go, Py M) = | 0T w(go, 0, M) | + | 3T m(go, 0, M) | % 3T (go, p, 0)
(2.5)
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Global IR rearrangements

Global infrared counterterm

Zy is almost written as one-mass tadpoles.
0T (go, p) has IR poles at p — 0. R can now subtract them at
global level.

0721 = —K.

ST w(go, 0, M) +<5rM(go, 0, M) + 521) % 6T (go, p)
—_——

tadpole

(2.6)
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Global IR rearrangements

Global infrared counterterm

Zy is almost written as one-mass tadpoles.
0T (go, p) has IR poles at p — 0. R can now subtract them at
global level.

0721 = —K.

oM m(go, 0, M) +<6rm(go, 0, M)+521) R [5F(go, p= 0)}]
M0, -

tadpole

(2.6)
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Global IR rearrangements

Global infrared counterterm

Zy is almost written as one-mass tadpoles.
0T (go, p) has IR poles at p — 0. R can now subtract them at
global level.

671 = —K.| T (g0, 0. M) +(OT m(go,0, M)+321 ) R | T (go. p = 0)}]
—_———
tadpole
(2.6)
F?[(Sr(p = O)} is imposed by multiplicative renormalisation
671 = —Zy % R|6T(go, p = 0) (2.7)

G. Falcioni 20 Nov 2017 - IITH

Global infrared rearrangements and the renormalisation of QCD



Global IR rearrangements

Global R* at work

Renormalisation of the globally rearranged diagrams gives

571 = —K.

ST p(0, M)+ <5rM(o, M)+6Zl> «R [(‘)T(p - o)}]
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Global IR rearrangements

Global R* at work

Renormalisation of the globally rearranged diagrams gives

571 = —K.

ST p(0, M)+ <5rM(o, M)+6Zl> «R [(‘)T(p - o)}]

introduction of the IR counterterm k[él’(p = 0)}

R|or(p=0)] = -2*.
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Global IR rearrangements

Global R* at work

Renormalisation of the globally rearranged diagrams gives

571 = —K.

5nﬂqnn+<ﬂmdan@+5a)*kpmp_oﬂ]

introduction of the IR counterterm k[él’(p = 0)}

R|or(p=0)] = -2*.

In conclusion Z; is determined

6FM(g0,0, M) _ ((521)2
4 4

5a=—m[ (2.8)
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Renormalisation of gauge theories

Towards 5-loop renormalisation

OTm(go, 0. M)| | (522) ] (3.9)

521:—K€[ —

Zl Zl
+ f/'"’»“._f_ #9 + Lu. T Counterterms from
@ % ? %. lower orders.

m We reduced the calculations to factorized L-loop tadpoles.

m We automated the computation of factorized tadpoles using
FORCER (Ruijl, Ueda, Vermaseren 2017) and determlned Zl to 5 |00pS.

Highly efficient approach
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Renormalisation of gauge theories

Renormalisation of QCD

m The ghost-gluon vertex renormalisation constant Z; is the first
necessary ingredient to renormalise QCD.
m One of the possible choices includes

e The ghost field renormalisation Z5
e The gluon field renormalisation Z3
e The quark field renormalisation Z,

m Ward identities fix the remaining constants

Zl Z{lqg B ng

Z: = =
§ VL Dz (Z3)?

(3.10)
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Renormalisation of gauge theories

The ghost field renormalisation

m Let's consider now the global rearrangement for the ghost field

M(e) = QD — K. [Zac (1 +H(go,q2))] =0

(q?) = -- . - = K [23‘: (1 + HM(q2,M2)Z—1|-621-H(q2))} =0

m Using the hard mass expansion and the IR counterterm

¢ _ Z3 023
§Z§ = —K. [Zl <HM(0, M) — 7 (5rM(o, M) + 521)”.
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Renormalisation of gauge theories

The gluon field renormalisation

m The gluon renormalisation Z3 is complicate: first time
undertaken in 2016 for SU(3) (Baikov, Chetyrkin, Kiihn).

K |:Z3(1+ > Hi(go,CI))] =0, (3.11)

i=1,2,3,6

m@m:@m—l—w:’ \:mn\—i—m‘ézz’%m\—l— m%m\—i—
H1 H2 H3 H6

(a) New rearrangements of 4-point vertices.
(b) External gluons have many interactions.
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Renormalisation of gauge theories

Some problems (a)

m Mass insertion in the 4-gluon vertex via an auxiliary field

“Special” “Non-special”
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Renormalisation of gauge theories

Some problems (b)

Highly non-trivial renormalisation of the modified vertices:

m vertices mix among each other. E.g.

o —>Z[

counterterm mixing quark
and 4-gluon operators.

m Mixing into new operators (not in the QCD Lagrangian).
We analysed the operators appearing for general gauge group

e Two new 3-gluon vertices

0= wf  O5= wf

e New 4-gluon vertices appear at each loop order: we selected a
basis of six new vertices O, .., O1» needed to this order. Note
that each of them is splitted with the auxiliary field.
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A 12x12 mixing matrix

i,

TR A

| [E— [ S —

N N

[ I |

N K

Vo

L B e |

VT




Renormalisation of gauge theories

Solution

Only a small subset of the matrix elements z; contributes and

Z S 0, if j € {4,5,7,..12} is a gauge variant operator
YT 4, if j €{1,2,3,6} is a QCD operator

i=1,2,3,6

where Z{ € {Z[®, 7% 758 78} are QCD vertex renormalisation constant.
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Renormalisation of gauge theories

Solution

Only a small subset of the matrix elements z; contributes and

Z S 0, if j € {4,5,7,..12} is a gauge variant operator
. YT 4, if j €{1,2,3,6} is a QCD operator
where Z] € {778 779 7888 788} are QCD vertex renormalisation constant.

Exploiting these features we write the gluon renormalisation constant in
terms of factorized tadpoles IT;(M) and lower order counterterms

57, = —Ks{wz > {Z[z,-j-"zj(ﬂ( )+ o (@)

i=1,2,3,6 * j,k

+ (VZ - Zdz"zn }}
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Conclusion and outlook

Results

m Z;®, 7%, Z,, Z§ to 5 loops with all the powers of the
gauge parameter &.
e Verified Z[® o (1 —&).
e Verified consistency with the Ward identities.

m Z3 to 5 loops, retaining linear terms in &.
m We computed the coupling renormalisation

(Z;¢)?
Z, =41 ) 4.12
Z3(Z5)? (4-12)

o Verified independence on £ to first order.

Complete renormalisation of QCD to 5 loops in covariant gauges
for general gauge group.
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Conclusion and outlook

Landau gauge quark anomalous dimension

() c dgbed g zbed 1985 781753 lasepas 15731 3T ]
2 TP TN, 24 192 ' 38 192 O 3
T dgbedqgbed 6200 1425 o T, 8, %5,
AT 0200 M4 o 2 HB L P
R hg 9 e T e T T T T
2468 91 , » dgbed dgbed 7360
A8 2] IR T PO e T
TGt G el G 43}
Cnb T [1328 256 c ] L dabcdd;b“’ 113 125447 ¢
F IR {43 — 27 3 T HF T, 6 s
2 dgbeddgbed o 5984
+1015 Cs + 17554 C5 — 4884 G| + Cp 1y H [ e
R
) s 3.3 2636 832
418080 5 — 12096 C3 +364sg3] T AR TS [7 T cg}
+CA R TR [ 2T o8¢y 320G 4 g]+c T, [29209
F¥ 'r o7 4 5 3 F¥ 'R 36
6400 46880 22496 1024 , 4977
o o = 800Gy — — = s = sk —— 5]+ 6P [

— 47628 7 + 22600 C5 + 16000 C3 + 2496 43]
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Conclusion and outlook
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Conclusion and outlook

L3z { 4214139 43175 907413 3815 5957573
A F 3888 6 ° 2 T ™! 288
5503507 78041 (2} Lche [368712343 | 227975
44 27 T2a 31T LT 60008 102 °
312820091 87067 16237513 46196783 23555
e .- 5+ G+ Gl
36864 128 3072 6912 128

m More complicated structure compared to the beta-function:
e zeta-values up to weight 7.

m The leading and next-to-leading ns terms agree with the
all-order results of (Ciuchini et al. '99).
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Conclusion and outlook

Outlook

m The global R* method is highly efficient from the
computational point of view.

m On the other hand, it is process-dependent — difficult to
generalize and automate.

m We tackled the rearrangement of different operators — case
study for more applications:

m Determination of the moments of the N4LO splitting
functions, whose calculation was shown to be highly
demanding.
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Conclusion and outlook

Thank you
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